Introduction

Let M be a compact submanifold of an almost Hermitian manifold (M , J, g).
We are looking for a number associated to M which measures the holomorphicness of the submanifold M . We shall obtain such a number µ(M ) Moreover, we shall compute this number in some cases. For example, we shall consider the canonical embedding of the 2-sphere S 2 ⊂ C 2 = (R 4 , J, g) defined by S On the other hand, we shall check the measure of holomorphicness of the Clifford torus T = (cos α, sin α, cos β, sin β), proving µ(T ) = 3 8 and that 0 ≤ µ(ϕ(T )) ≤ 3 8 , for all isometries ϕ of (R 4 , g).
FERNANDO ETAYO
Plücker coordinates in the Grassmann manifold of 2-planes of R 4 will play an essential role in the study of the measure of holomorphicness of compact surfaces embedded in C 2 .
Basic constructions
Taking into account the almost complex structure J of M one can define some classes of submanifolds, such as:
• almost complex or holomorphic (see, e.g., [9] ):
• totally real or anti-invariant (see, e.g., [11] 
• Cauchy-Riemann (see, e.g., [1] , [2] ): there exists a differentiable distribution
• slant (see, e.g., [4] ): the angle between J(X) and T x M is constant for every vector X ∈ T x M and every x ∈ M . This angle is called the Wirtinger angle. All of these are generic submanifolds, i.e., the holomorphic spaces
.g., [3] ), and almost all works about submanifolds of an almost Hermitian manifold are focused on generic submanifolds of some of the above types. But one can easily find submanifolds which are not generic:
) be the complex plane, endowed with the complex structure given by J(∂/∂x
, 2}, and with the usual metric g = dx j ⊗ dx j , j ∈ {1, . . . , 4}. The canonical embedding of the 2-sphere S 2 0 ⊂ C 2 defined by {x
2 + x 2 3 = 1; x 4 = 0} does not give a generic submanifold, because taking p = (0, 0, 1, 0) and q = (0, 1, 0, 0) one observes that dim(H p ) = 0 whereas dim(H q ) = 2.
is parallel to the direction generated by ∂ ∂x 2 (resp. T x M is orthogonal to the direction generated by ∂ ∂x 2 ). In particular, if M is compact, then there exist points in M in both situations, thus proving that such a surface M is a non-generic submanifold of C 2 . Non-generic is a more general situation than the generic one.
One can wonder what properties have the function d : x → dim(H x ) when x ∈ M , M being a real submanifold of (M , J, g). Obviously, M being connected, the following assertions are equivalent: d is continuous; d is constant; M is a generic submanifold. The general answer is the following: Theorem 3 (see [7] ). Let M be a real submanifold of an almost complex man-
Remark 4. Taking into account the above theorem and the fact that a compact manifold cannot be immersed in C m as a holomorphic submanifold (see [10] , Corollary 1.12) one can deduce that if M is an n-dimensional real compact submanifold of C m , for some m, then the set {x ∈ M/ dim(H x ) < n} is a non-empty open subset of M , and thus the condition J(T x M ) = T x M fails in more that one point x ∈ M . Let (M , J, g) be an almost Hermitian manifold and let M be a real submanifold of M . Then, the tangent space T x M of M at x ∈ M may be decomposed as the direct and normal sum
is the tangent space (resp. the normal space) of M at x. On the other hand,
We shall use the following projectors:
, the orthogonal projection; and the following maps:
The maps defined in (c) and (d) have been introduced by Chen in [4] , where some properties are also proved. We summarize them together with others in the following lemma. Observe that M inherits from (M , J, g) the Riemannian metric g = g| M , and, if M is holomorphic, also the almost complex structure, but, in any case one can consider the tangent component of J, which is the map P 1 .
Lemma 5. Using the above notation, one has:
(
(3) The eigenspace of F x associated to the eigenvalue 1 coincides with
The spectrum of F x , i.e., the set of eigenvalues of F x , will be denoted by Spec(F x ), for all x ∈ M . If dim(M ) = n and x ∈ M , then, by the above lemma, one has Spec(
Remark 6. Some classes of submanifolds shown in the above section can be characterized by their spectra. If dim(M ) = n, one has: 
Now, we shall recall a class of real submanifolds of an almost Hermitian manifold, introduced by us in [6] , which contains examples of both generic and non-generic submanifolds:
Definition 7. A submanifold M of an almost Hermitian manifold (M, J, g) is said to be quasi-slant if, for each x ∈ M , the angle ϑ(X) between J(X) and T x M is a constant, for all non-zero vectors X ∈ T x M , i.e., it does not depend on the choice of X ∈ T x M , but it depends on the choice of the point x ∈ M . Then, the angle function can be defined on the submanifold M and it will be denoted by
Taking into account the above proposition and Lemma 5(1) one has:
is always a quasi-slant submanifold.
Measure of holomorphicness
Let M be a compact submanifold of an almost Hermitian manifold (M , J, g). We shall define the number µ(M ): = (a 1 , a 2 , a 3 , a 4 ) and b = (b 1 , b 2 , b 3 , b 4 ) Proposition 12. Let Π ∈ G(2, 4) and let {a = (a 1 , a 2 , a 3 , a 4 ), b = (b 1 , b 2 , b 3 , b 4 
In particular, if Π is a complex (resp. totally real) submanifold of C
2 , then |p 13 + p 24 | = 1 (resp. = 0).
Proof.
As P 1 (a) ∈ Π, one can write P 1 (a) = αa + βb. Taking into account that a ⊥ b, J(a) ⊥ a and (J(a) − P 1 (a)) ⊥ a one can prove that α = 0. Then, ϑ = ∠(J (a), Π) = ∠(J (a), P 1 (a)) = ∠(J(a), b)+επ, with ε = 0 (resp. ε = 1) if β > 0 (resp. β < 0). On the other hand, cos
Then, taking into account Proposition 8, Corollary 9 and the above Proposition 12 we obtain the following result which will allow us to check the measure of holomorphicness of a surface in C 2 .
Corollary 13. If M is a compact surface
, where p 13 and p 24 are the correspondent Plücker coordinates of the tangent planes to M . 
Examples
We shall obtain explicit calculus for the measure of holomorphicness of surfaces in 
Then the differential of area is √ detg du dv = cos v du dv, thus leading us to: 
Then, f α and f β at q ∈ T also define an orthonormal basis of T q T , and the Wirtinger angle ϑ of this tangent plane is given by: cos ϑ = |p 13 +p 24 | = sin α sin β+ cos α cos β, and then
Observe that there exists a global isometry ϕ : ( (4) is a compact manifold the maximum and the minimum of µ are reached. Taking into account that a compact manifold cannot be immersed in C m as a holomorphic submanifold (see [10] , Corollary 1.12), one has µ(ϕ) < 1, for all ϕ ∈ O(4), and one can associate to M 0 the numbers α(M 0 ) = min(µ(ϕ(M 0 ))) and β(M 0 ) = max(µ(ϕ(M 0 ))), corresponding to the "less" and "more" holomorphic immersions of (M 0 , g = g| M ).
Thus, for each compact surface one has 0 (4) . It is easily shown that for all ε > 0 one can find a compact surface
Let us recall the above two examples. In the case of the sphere, we have obtained µ(S we have a 2 + b 2 = 1, and then ϕ(T ) = T . We shall prove that this is the upper bound.
Let us assume that a 2 + b 2 > 1. Then, developping the expressions of a and b one obtains: which is not possible, thus finishing the proof.
